Abstract. Recent research has demonstrated that hidden Markov model (HMM) analysis is an effective tool to classify regimes of the stratified nocturnal boundary layer (SBL) at different tower sites. Here we analyse if SBL regime statistics (the occurrence of regime transitions, subsequent transitions after the first, and very persistent nights) in observations match theoretical calculations obtained from a stationary Markov chain with the goal of developing the foundations of novel Markov-chainbased boundary layer schemes which capture the effects of SBL regime dynamics. The regime statistics of a stationary Markov 5 chain using the best estimate transition probabilities from the HMM analyses generally overestimate occurrence probabilities of regime transitions, resulting in an underestimation of persistent nights. Across the locations considered, sensitivity analyses of transition probability matrices in the HMM and the stationary Markov chain reveal that regimes are generally required to be more persistent in the stationary Markov chain in order to simulate observations accurately. A range of transition probability matrices allowing for a relatively accurate description of the occurrence of at least one transition within a night, multiple tran-10 sitions, and the mean event durations is identified. The occurrence of very persistent nights (nights without regime transitions) is found to depend highly on the season. Therefore, for better representations of very persistent nights a nonstationary Markov chain linked to external drivers is likely appropriate. The observed transition probability maximum between one and two hours after a previous transition cannot be accounted for by two-state Markov processes (stationary or not). The use of these results in the development of SBL turbulence parameterisations is discussed.
Data
eight experimental sites exist in terms of their surface conditions, surrounding topography, and their typical synoptic patterns.
As a simple classification scheme, we distinguish between land-based and ocean-based stations.
The land-based stations can be further clustered into different subsets. Both the Cabauw and Hamburg towers lie in flat, humid, grassland areas, although the Hamburg tower is affected by the large metropolitan area of Hamburg. The Karlsruhe tower is located in the Rhine valley, a rather hilly, forested area in the lee of an urban area. The American sites, Boulder and Los Alamos, are strongly affected by the surrounding topography of the Rocky Mountains.
The ocean-based stations are the offshore research platforms Forschungsplattform in Nord-und Ostsee (FINO) which are located in the German Northern and Baltic Seas. These sites are characterized by relatively homogeneous local surroundings and a large surface heat capacity. At the FINO towers we exclude nights with statically unstable conditions (defined as nights with two or more unstable datapoints in a night) as under these conditions at the wind speed measurements have been found 15 to be unreliable (Westerhellweg and Neumann, 2012) . Furthermore, at FINO-1 nights with primary wind directions between 280 and 340 degrees are excluded due to mast interference effects in the data. At the other stations such an exclusion is not necessary as three wind measurements with 120 degree separation are taken at each level.
Brief summary of the hidden Markov model
We now present a brief overview of the HMM analysis with application to the SBL (Monahan et al., 2015, AM18a ). An in- 20 depth description of HMM analysis can be found in Rabiner (1989) and an illustrative example is given in Monahan et al. (2015) .
We use the HMM to systematically detect and characterize regime behaviour in the SBL from observed data. The HMM assumes that underlying the observations is an unobserved, or hidden, discrete Markov chain (X = {x 1 , x 2 , . . . , x T }). The analysis estimates the regime-dependent parametric probability density distributions of the observations, the transition matrix 25 Q associated with X, and a most likely regime path of the Markov chain (known as the Viterbi Path, VP). We associate the different states of the Markov chain with the SBL regimes (wSBL and vSBL). In our analysis we use observations of the three-dimensional vector consisting of the Reynolds-averaged vertically-averaged mean wind speed, wind speed shear, and stratification to define the HMM input vector Y. A detailed justification of this observational input dataset is presented in AM18a. The HMM estimation algorithm makes use of the following assumptions: 30 1. Markov assumption: the regime occupation x t+1 depends exclusively on the current regime of x t , so:
P (x t+1 = i|x t = j, x t−1 = k, . . . , x 0 = n) = Q ij P (x t = j) ∀t,
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The observational data used in this study have been discussed in detail in AM18 (a,b,c) . We present here a short summary of the data. Observational data sets from eight different research towers measuring standard Reynolds-averaged meteorological state variables with a time resolution of 30 minutes or finer are considered (Table 1 ). The observational levels of wind speeds and 5 temperatures correspond to the reference state variable set determined in AM18a (Table 1 ). Substantial differences among the Nonlin. Processes Geophys. Discuss., https://doi.org /10.5194/npg-2018-44 Manuscript under review for journal Nonlin. Processes Geophys. where the dynamics of the SBL are governed by Q (a 2 × 2 matrix corresponding to the wSBL and vSBL, respectively) such that i Q ij = 1.
2. Independence assumption: conditioned on X, values of Y are independent and identically distributed variables resulting in a probability of the observational data sequence of P (Y|X, λ) = π j p(y 1 |x 1 = j, λ j )
Q ij p(y t |x t = i, λ i ) with i, j = 1, . . . , K,
5 where
is the parameter set describing the probability distribution (taken to be Gaussian mixture models as in AM18a) of y t conditioned on the regime i or j of x t (wSBL or vSBL), and π j is the probability that x 1 is in regime j.
3. Stationarity: this analysis assumes that Q and λ are time-independent.
The goal of the HMM analysis is to estimate the full set of parameters Λ = {λ i , π i , Q} from Y. Starting from the probability of the observational time series conditioned on the parameters P (Y|Λ) and applying Bayes theorem to obtain P (Λ|Y), the 10 problem reduces to a maximum-likelihood estimation which can be iteratively solved to find local maxima via the expectation maximisation algorithm (Dempster et al., 1979) . Having estimated Λ, the most likely regime sequence (the VP) can be calculated. The estimation of the parameters in the expectation-maximisation scheme for our analysis is described in detail in Rabiner (1989) .
One limitation of the HMM model considered is that it assumes stationary statistics, However, nonstationarities linked to 15 the diel cycle and seasonal variability are present in the regime statistics of the SBL (cf. next section, AM18b, AM18c).
Generalizations exist which can account for nonstationarities, such as nonhomogeneous HMMs (Hughes et al., 1999; Fu et al., 2013) . We chose to consider stationary HMM analysis in this study in order to investigate the simplest possible approach to a stochastic parameterisation of the turbulence under SBL conditions. With this approach we can assess the potential of such relatively simple parameterisation and identify where extra complexity is warranted. 
Results
In order to base new parameterisations of turbulence in the SBL on stationary Markov chains such as are produced by the HMM, it is important that these model the observed regime statistics accurately. Here, we analyse how well a stationary Markov chain (using the best-fit transition matrix Q ref occurrences within a night) as found in AM18b and AM18c. Repeating the HMM analysis using a specified Q held fixed at values other than Q ref , we then investigate the sensitivity of the estimated regime statistics of these perturbed VPs relative to the reference VP from Q ref (VP ref ) . Finally, we vary Q to assess if persistence probabilities exist that match SBL statistics in both theoretical calculations using a stationary Markov chain and in observations. The mathematical expressions used to compute the statistics of interest from the HMM transition matrices are presented in the Appendix. can compare the observed relative frequencies for different lengths of nights. As the tower sites are located in the midlatitudes seasonal changes lead to nighttime duration changes between 8 to 15 hours (at 45 N) between summer and winter.
underestimates the occurrence of persistent wSBL nights as the observed probabilities increase rather than decrease. The increase of wSBL probability with length of night is consistent with larger synoptic-scale variability (with stronger mechanical generation of turbulence) in the winter, but not consistent with a stationary Markov chain. The observed probability of very persistent vSBL nights decreases with increasing length of the night, consistent with the increase in mean pressure gradient force. While the stationary Markov chain also shows this behaviour, it systematically underestimates the observed occurrence 15 of very persistent vSBL nights. Furthermore, the non-stationary change in synoptic driving is not embedded in the stationary Markov chain.
rence slightly decreases, with the exception of Cabauw where the probability slightly increases. At ocean-based stations the probability of the occurrence of wSBL to vSBL transitions is not systematically sensitive to the length of the night. The probability of the occurrence turbulence recovery events is also insensitive to the season. In contrast, the occurrence probability of at least one transition obtained from the stationary Markov chain (Eqns. A3 and A4) increases with the length of the night, and the stationary Markov chain is slightly larger than that of turbulence collapse events at land-based stations, while the opposite is true at ocean-based stations.
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As described in AM18b, the occurrence of very persistent nights varies with the duration of the night in a manner consistent with the influence of seasonal changes in large-scale meteorological conditions (respectively higher and lower probabilities of the wSBL and vSBL in wintertime; Figure 1 ). Using Q For a stationary Markov chain, the frequency of the occurrence of persistent wSBL nights decreases monotonically with the length of the night. The probabilities of very persistent wSBL nights in summer (of duration 8 to 10 hours) agree rela-10 tively well with the theoretical calculations ( Figure 1 ). However, for the longer duration nights the stationary Markov chain In AM18c we have shown that the probability of at least one wSBL to vSBL transition (including nights in which the first wSBL to vSBL transition follows an initial one from the vSBL to the wSBL) occurring within a night shows no systematic 20 dependence of the length of the night across the tower sites (Figure 2 ). At most land-based stations the probability of occur-25 is larger than those of observations at all sites (Figure 2 , lower panels). The overestimation of turbulence recovery events by 30 Both observed and modelled probabilities increase with the length of the night, at about the same rate. Interestingly, at landThe occurrence of a recovery event subsequent to a turbulence collapse is better estimated by a stationary Markov chain (Eqns. A6 and A8, Figure 3 ) than the overall occurrence of a at least one wSBL to vSBL transition (Figure 2 , left panels).
based stations fewer subsequent turbulence recovery events are observed than expected, and over oceans more are observed.
The distributions of turbulence collapse events subsequent to a recovery event theoretical calculations of the Markov chain are generally close to the observations in summer and worsen slightly for winter conditions (Figure 3 , right panels).
Nonlin. Processes Geophys. Discuss., https://doi.org /10.5194/npg-2018-44 Manuscript under review for journal Nonlin. Processes Geophys. The results above demonstrate the existence of at least two aspects of the regime statistics which cannot be accounted for by a two-regime stationary Markov chain. First, the occurrence of very persistent regimes and (to lesser extent) the occurrence of transitions are subject to non-stationary seasonal changes. Accounting for these nonstationarities would require seasonally-varying persistence probabilities or (more naturally) persistence probabilities that depend on seasonally-varying 15 external parameters. Such behaviour could potentially be represented by a non-homogeneous HMM (e.g Hughes et al., 1999; Fu et al., 2013) . Note that these results do not invalidate the use of the HMM for classification purposes, as the VP is only weakly sensitive to Q (as will be shown in the next section). Second, the maximum in event duration pdfs one to two hours after the preceding transition is inconsistent with the statistics of a two-regime Markov chain. Nonetheless, results indicate that even though the occurrence probability of the first transition in the night by the stationary Markov chain is biased, once the We consider the sensitivity of the VPs to changes of the persistence probabilities in Q by holding this matrix fixed and repeating the HMM analysis. We will show that there is a relatively large range of persistence probabilities in which the perturbed VPs are in high agreement with VP ref . These ranges of persistence probabilities could then be appropriate to inform a two-regime stochastic parameterisation of SBL turbulence. In order to assess if the perturbed VPs are consistent with VP ref we consider first the overall consistency between the two (fraction in which both VPs are in the same regime). Similar as in AM18a, we 30 then assess the consistency of the timing of transitions (simultaneity of transitions in the reference and perturbed VPs) as well as the representation of very persistent nights to obtain the total VP consistency. For this part of the analysis, we focus on the Cabauw tower data as we have analysed these data extensively in AM18a. The same qualitative results are found using all tower station data we have considered (not shown).
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The occurrence of subsequent transition events can be also associated with event durations in the vSBL (subsequent recovery event) and wSBL (subsequent collapse event). The observed mean event vSBL durations are generally close to the theoretical values obtained from the stationary Markov chain for nights of all durations between 8 and 15 hours (Figure 4 ). While agreement is reasonably good for wSBL events, the stationary Markov chain generally underestimates the mean duration. In 5 AM18c we demonstrated that the probability density functions (pdfs) of the time between successive transitions show very are close to one (Table 1) , theoretical regime statistics calculated from the from the stationary Markov chain are sensitive to these values (cf. Eqns. A1-A8). In contrast, the estimated VP has a weak sensitivity to the those elements of Q. We now turn to these sensitivity analyses. similar structures for wSBL and vSBL event durations ( Figure 5 ). Interestingly, these pdfs display clear maxima between one and two hours after the preceding transition, demonstrating that the occurrence of subsequent transitions most often requires some relaxation time. These recovery periods following the transitions cannot be accounted for by the stationary two-regime Markov chain we consider. The theoretical duration pdfs of events for nights lasting from 8 to 15 hours (equations A5 and A7)
Nonlin. Processes Geophys. Discuss., https://doi.org /10.5194/npg-2018-44 Manuscript under review for journal Nonlin. Processes Geophys. Discussion started: 11 October 2018 c Author(s) 2018. CC BY 4.0 License. single step are more probable than remaining in the regime) the accuracy of the transitions is above 99 %. However, this result is a consequence of the high frequency of modelled transitions improving the ability to capture individual observed transitions (at the expense of modelling far too many transition events). Because regime transitions are relatively rare, the physically meaningful range of persistence probabilities corresponds to relatively large values of both. The accuracy of the occurrence of persistent wSBL nights in the perturbed VP is best for high P (wSBL → wSBL) and is weakly sensitive to P (vSBL → vSBL).
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This result is not surprising as the high wSBL persistence probability ensures that the majority of very persistent wSBL nights The sensitivity analysis of the estimated regime occupation sequence to changes in Q values reveals that reasonably accurate regime statistics can be obtained over a relatively large range of persistence probabilities. We will now repeat the sensitivity surface data such as friction velocity, surface pressure tendencies, and surface radiative fluxes; stratification; shear; turbulence variables such as TKE and vertical turbulent fluxes; and all combinations of these at different measurement altitudes. Most of these Q estimates fall within the 95 % total VP consistency levels ( Figure 7 ). That the best agreement with the reference HMM is found for HMM analyses with state variable inputs including turbulence information (at any measurement height, and with information alone. Less agreement is found for Q estimated from either stratification or shear information aloft without nearsurface information (yellow and green dots outside of the 95 % total VP consistency level in Figure 7 , cf. AM18a). These results demonstrate that the regime information is carried in a broad range of state variables.
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We will now evaluate the range of persistence probabilities in a stationary Markov chain which is consistent with the observed persistence probabilities across all tower sites discussed in section 4.1. In order to account sampling variability in the observed regime statistics and the effects of changes in π wSBL we consider occurrence probabilities in an arbitrary 10 % error range As discussed in section 4.1 and AM18b, the probability of very persistent nights varies more with season than the occurrence sites the range of persistence probabilities that allows for accurate perturbed regime sequences is larger than at land-based sites.
The result that broadly the same range of persistence probability values describes the SBL regime statistics across tower sites indicates that a stochastic parameterisation based on the two-state Markov chain does not require parameters tuned to the fine details of local conditions. Systematic differences do exist between land-and ocean-based stations due to the different mechanisms of transitions (AM18b, AM18c).
An analysis of the ranges of persistence probabilities for which a 'freely-running' stationary Markov chain is consistent with the observed regime transition statistics indicated that these generally exceed the values obtained from the HMM analysis. At ocean-based stations we find a better agreement between ranges of appropriate persistence probabilities in a stationary Markov chain and in observations. This result may be related to the fact that diel nonstationarities are weaker over oceans than over land (cf. AM18c). As with the regime statistics for the occurrence of transitions, the occurrence probabilities of persistent nights 15 can only be simulated in a stationary Markov chain with larger persistence probabilities than estimated from observations. In general, no range of persistence probabilities can be identified that is consistent with both the occurrence probabilities of both transitions and very persistent nights. The results indicate that the occurrence of very persistent nights cannot be accurately simulated by the same stationary Markov chain which is appropriate to capture the statistics of regime transitions because the different classes of nights (with and without transitions) depends on the large-scale synoptic conditions.
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Our results have direct relevance to the representation of SBL regimes in weather and climate models. The regime statistics show clear evidence of nonstationarity and non-Markov behaviour. These facts, and the fact that aspects of regime transitions such as radiatively-driven turbulence collapse can be simulated by models, indicate the need for state-dependent transition probabilities in any explicitly stochastic representation of SBL regime transitions.
We now discuss the form that such an explicitly stochastic parameterisation might take. For instance, P (wSBL → vSBL) could depend on the Richardson-number (Ri) in such a way that the probability of turbulence collapse is very small for small Ri, but increases to virtual certainty for sufficiently large Ri. The presence of such a transition range in which either regime could be occupied is consistent with the observed overlap of the wSBL and vSBL in the distributions of shear, stratification, and turbulence (AM18a). In the vSBL state, random 'kicks' of TKE can be added as representation of the effects of intermittent turbulent events which erode the stratification and reduce Ri. With a Ri dependent 5 P (vSBL → wSBL), after a sufficiently large input of energy, the system will have a high probability of transitioning back into the wSBL. We propose a compound Poisson process representation of the random 'kicks' as intermittent turbulence events are associated with many different phenomena (such as breaking gravity waves, density currents etc.) which are independent from each other and can produce very different turbulence intensities. Such a parameterisation can account for the observed non-Markov recovery time between transitions as after entering the wSBL state a certain time is required to build up the strati- The observational information on climatological regime statistics, and event duration distributions (cf. AM18b, AM18c, and the present study) can then be used to tune the parameterisation to generate the appropriate SBL regime variability. The results obtained for stationary Markov chain average persistence probabilities in this study can be used to constrain the average behaviour of the state-dependent persistence probabilities. The fact that no set of persistence probabilities allows the stationary
Markov chain to produce both the observed very persistent night statistics and transition statistics suggests that some compromise between these two might be necessary (although the extra freedom provided by the state-dependent transition probabilities may result in better simulations of both sets of regime statistics than was possible by the stationary Markov chain).
Finally, the development of such a parameterisation requires further information regarding horizontal dependence of regime statistics, as it is not reasonable to expect an entire large-scale weather or climate model grid box to always be in one or 25 the other state. This horizontal dependence will be the subject of a future study. Assessment of the dependence length scales relative to the grid box size will allow the determination of to what extent the subgrid-scale variability can be represented by a deterministic average, or if its parameterisation must be explicitly stochastic.
Appendix A
In this appendix, we present the calculations of quantities based on stationary Markov chains. 
A1 Calculation of very persistent regimes
The occurrence probability of very persistent SBL nights in a stationary Markov chain is calculated using the persistence probabilities of the Markov chain (i.e. P (wSBL → wSBL) and P (vSBL → vSBL)) as follows
where π wSBL and π vSBL are respectively the initial climatological distributions of being in the wSBL or vSBL and n equals the length of the night in hours multiplied by six (corresponding to a data resolution of 10 min)
A2 Calculation of at least one particular SBL transition occurrence
The probability of the occurrence of a particular SBL transition in a night of duration n can be expressed in terms of the probability of the absence of any transitions and the probability of single transitions of the complementary transition. In the 10 case of the wSBL to vSBL transition the single complementary transitions start in the vSBL is only allowed a transition to the wSBL. Naturally, the reverse is true for vSBL to wSBL transitions. That way we account for all possibilities that definitely do not have a transition of the considered type.
The probability of the occurrence of turbulence collapse is:
prob. of remaining in the wSBL
prob. of only vSBL to wSBL transitions, remaining in the wSBL afterwards ,
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Equivalently, the probability of a turbulence recovery (vSBL to wSBL transition) is given by
prob. of remaining in the vSBL
prob. of only wSBL to vSBL transitions, remaining in the vSBL afterwards .
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A3
Calculation of the probability of subsequent turbulence recovery or collapse event occurrences
The probability that a turbulence recovery event occurs after a turbulence collapse in a night of duration n is equal to the sum of the probabilities of all events that include the occurrence of SBL patterns starting at time t 1 in the wSBL, and afterwards showing the sequence wSBL → t× vSBL → . . . → vSBL → wSBL with no further subsequent recovery events, i.e. the SBL remains in the wSBL or have a maximum of one more collapse. The last part of this calculation assures that no double counting 5 of sequences with length t occur as the probability calculation of being in the wSBL at time t 1 does not include information of the preceding path. The probability of a certain subsequent recovery pattern of length t can then be calculated as
where π is the vector of climatological initial probabilities.
To calculate the overall probability that such a subsequent event occurs is then the summation over all possible t:
Equivalently, the probabilities of subsequent turbulence collapses after recovery events are
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